Bremsstrahlung in the gravitational field of a global monopole 
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We investigate the radiation emitted by a uniformly moving charged scalar particle in the space- 
time of a point-like global monopole. We calculate the total energy radiated by the particle and 
the corresponding spectrum, for small solid angle deficit. We show that the radiated energy is 
proportional to the cube of the velocity of the particle and to the cube of the Lorenz factor, in the 
non-relativistic and ultra-relativistic cases, respectively. 



I. INTRODUCTION 

Topological defects may arise in gauge models with spontaneously symmetry breaking. They can be of various 
types as monopoles, domain walls, strings and their hybrids [0,1). They are cosmological objects which could be 
formed during phase transitions in the early universe. They have attracted much attention because of their peculiar 
properties, space-time structure and possible astrophysical implications. Their nature depends on the topology of the 
vacuum manifold of the field theory under consideration. 

Among the topological defects mentioned previously, in this paper we will focus our attention on global monopoles. 
The simplest model that gives rise to a global monopole is described by a system composed of a triplet of isoscalar 
fields whose original global 0(3) gauge symmetry was spontaneously broken down to U(l). 

The gravitational field of global monopoles may lead to the clustering in matter and they can induce anisotropics 
in the cosmic microwave background radiation. They do not represent any problem for cosmology and for this reason 
we may proceed in studying their physical consequences. On the other hand, in order to have an agreement with 
observations, the density of monopoles has to be very low. The first estimation of the density of monopoles was made 
by Hiscock in Ref. || who show that the upper bound on the number density of the global monopoles is at most of 
one monopole in the local group of galaxies. This estimation was made using the fact that global monopoles produce 
enormous tidal acceleration which may be important from the cosmological point of view. The subsequent numerical 
simulations made by Bennet and Rhie show that the upper bound on the density is smaller than that given by Hiscock 
by many orders Q]. In fact, one has a scaling solution with a few global monopoles per horizon volume. This result 
was recently recovered by Yamaguchi in Ref. |^| . 

Recent observations on the cosmic microwave background anisotropy in BOOMERANG § and MAXIMA § 
experiments present two peaks in anisotropy, the first is at I ~ 200 and the second one at I ~ 550 which are, at the 
first sight, not consistent with the locations and width of peaks expected from topological defects. But as it was noted 
in Ref. |^] this statement is partly misleading. The amplitude of the Doppler peaks may be good explained in a hybrid 
model, namely, a model which combines inflation with topological defects. At this moment there is no contradiction 
with observation data and there is no observation data which permits rule out definitively the possibility of existence 
of topological defects. Therefore, it is still important from the cosmological as well as from the astrophysical point of 
view to investigate different kind of effects produced in topological backgrounds. 

In the framework of Quantum Electrodynamics, the bremsstrahlung process corresponds to the emission of radiation 
by a charged particle when it changes its momentum in collision with obstacles such as other particles or when it is 
accelerated due to the presence of electromagnetic fields. Therefore, in flat space-time particles moving freely do not 
radiate. On the other hand, in curved space-time the situation is quite different, and in this case, a charged particle 
moving on geodesic does radiate. This corresponds to the bremsstrahlung process produced by gravitational fields 
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and this may arises due to the curvature, topology or due to the combined effects of the geometric and topological 
features of the space-time. 

Alongside with the above radiation emitted by freely moving particles there is another process leading to radiation. 
It is well known that a charged particle placed in a curved space-time, even at the rest, experiences a self-force due to 
the geometrical and topological features of the space-time. In particular, for a conical space-time, it is entirely due to 
the non-local structure of thegravitational field ||. In the space-time of a point-like global monopole this self- force 
has already been calculated [[l0| and it is due to the combined effects of the geometry and topology of this space-time. 
In this case, the self-potential has the Coulomb structure and therefore the particle is repelled by the monopole. Due 
to this acceleration the particle emits radiation in a standard way. 

In this paper we consider the problem concerning the emission of radiation by a freely moving particle, caused by 
the combined effects of the geometrical and topological features of the space-time generated by a point-like global 
monopole. A similar problem has already been considered in Refs. jll|-|l3| in the context of infinitely thin cosmic 
strings. It was shown that even freely moving particles in this space-time emit radiation. The origin of this radiation 
is associated with the conical structure of the cosmic string space-time which produces an effect which is proportional 
to the angle deficit. It is worth to mention that this process is forbidden in the empty Minkowski space-time due to 
the energy conservation law. 

To begin with, let us first introduce the solution corresponding to a global monopole considered by Barriola and 
Vilenkin p3. They considered the simplest model that give rise to a global monopole which is described by the 
Lagrangian 

l = \{d^ a ){d^ a ) - - V 2 ) 2 , (1) 

where (j> a is a triplet of self-coupling scalar fields and r\ is the symmetry-breaking scale. 

Combining this matter field with the Einstein equations and considering the general form of the metric with spherical 
symmetry 

ds 2 = B(r)dt 2 - A(r)dr 2 - r 2 (d9 2 + sin 2 9d<p 2 ), (2) 
the gravitational field is solved and gives the following result 

B = A' 1 = 1 - 8tt?7 2 - 2 — , (3) 

r 

where M ~ M core . It is worth noticing that far away from the global monopole core the main effects are produced by 
the solid angle deficit and thus we can neglect the monopole's mass. Therefore, we obtain the metric of a point-like 
global monopole which can be written as 

ds 2 = a 2 dt 2 - oT 2 dr 2 - r 2 {d9 2 + sin 2 9dip 2 ), (4) 

where the parameter a is connected with the energy scale of symmetry breaking 77 and is given by the relation 
a 2 = 1 — 87r?7 2 . For typical grand unified theory the parameter r\ is of order 10 16 GeV and thus 1 — a 2 = 8ttt] 2 ~ 10 -5 . 
The space-time (^) is the solution of Einstein equations with diagonal energy momentum tensor with components 
Ti?=diag(2,2,l,l)(a 2 -l)/r 2 . 

Rescaling the time and radial coordinates by relations t — > t/a 2 and r —> ra 2 we obtain the following form for the 
line element 

ds 2 = dt 2 - dr 2 - a 2 r 2 {d9 2 + sin 2 Odip 2 ) (5) 

which will be used in what follows. Here r £ [0, 00], 9 € [0, tt], (p £ [0, 2ir}. 

This metric corresponds to a space-time with a deficit solid angle A = 32tt 2 Gt] 2 ; test particles are deflected 
(topological scattering) by an angle 7Ty irrespective to their velocity and impact parameter. In spite of having 
constant coefficients goo and g rr , this metric represents a curved space-time whose curvature vanishes in the case 
a = 1 (flat space-time). For 9 = ^ , the metric (||) is exactly the same as that of a gauge cosmic string, in which case 
the azimuthal angle <p has a deficit A = 27r(l — a). 

Therefore, the gravitational field of a global monopole exhibits some interesting properties, particularly those 
concerning the appearance of nontrivial space-time topologies. 

This paper is organized as follows. In Sec. O we find an expression for the spectrum and total energy and analyze 



these results in two limits: non-relativistic and ultra-relativistic cases. In Sec [II we end up comparing the energy 
radiated by a freely moving particle and by an accelerated one due to the self-force and presenting some conclusions. 
Throughout this paper we use units c = G = 1 . 
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II. THE ENERGY AND SPECTRUM OF RADIATION. 



Now, let us consider a scalar particle with scalar charge q living in this space-time. The scalar and minimal coupling 
field corresponding to this particle obeys the Klein - Gordon equation 

= -4717(2;), (6) 

with a scalar current 

j w - , m, - xr))* - \ * - r[m : - y - m . p) 

7 V _ 5 u " r sin 

The trajectory of a freely moving particle in this space-time may be found in general form from the standard set of 
equations of geodesic line. For simplicity and due to spherical symmetry we consider the trajectory of the particle in 
the plane 6 = ■j, assuming that at time t = the particle is in the closest distance p from monopole's core, which is 
by definition, the impact parameter. The trajectory has the following form 

1 Vt „ 7T n 1 



r = \J p 2 + v 2 t 2 . ip — — arctan — , 6 = — , u° = 7 = , (8) 

a p 2 VI - v 2 

where v is the constant velocity of the particle and u° is the zero component of the four velocity. 

To find the total energy radiated by the particle during all its history we adopt an approach used in Ref. [[ll| . Let 
us summarize here its main aspects. The total energy radiated by a particle is expressed in terms of the covariant 
divergence of the energy-momentum tensor as follows 



£ = / fV = ^)<*V (9) 



where £ M is the time-like Killing vector. Taking into account the explicit form of energy-momentum tensor 

V = -L - ~gv,*, a $A , (10) 



4tt V ^ ^ 

the equation of motion for a minimally coupled scalar field (^) and the explicit expression for the Killing vector 
= (1, 0, 0, 0), one has the following expression for the total energy radiated by the particle during all time 

d 



£ = Att I Q- t D rad (x; x')j(x)j(x')^q^^(?jd 4 xd A x\ (11) 



where 



D rad {x-x') = i [D ret (x;x')-D adv (x;x')] (12) 

is the radiative Green function. Here the retarded and advanced Green's functions D^ v (x; x') obey the equation 

nD r J v (x;x') = -S*(x,x'). (13) 

In order to find the Green's functions, let us first of all obtain the complete set of eigenfunctions of the Klein-Gordon 
equation (||) 



with eigenvalues A 2 . Here L 2 is the square of the angular momentum operator. The complete set of solution of the 
equation (n4h was considered in the context of quantum fields in Ref. |lq] , and it has the following form 



<W,p(*>r,0,¥>) =e--y 5 £^J, ! (pr)Fr(^), (15) 

where J v (x) is the Bessel function of first kind; Y™(6, ip) is the spherical function (I = 0, 1, 2, • • • , \m\ < I)); p = 
yj\ 2 + uj 2 and 
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V\ = 



1(1 + 1) 1 



a 2 4 

This set of solutions obeys the following relations of orthogonality and completeness 



r dr dt a W|,m,«,p(^F, m >' 1 p'( :t ) = 8i,i>6 m , m >6(w - w')6(p - p'), 



°° ~H r-\-oc roc 

EE / duj \ #*iw, P w*u, P ( i ')= (! ( i - t ') 



,.8(r - r') 8(6 - 6')8(<p - <p') 



sin 



i=0 m=-i ' 

Using this set of solutions we may represent the retarded and advanced solutions in the following form 

oo +1 r + oo r oo frW* (t'\ 



^ ^ l r + oo poo <t> 

D% v (x;x') = Y: e / ^ d P— 

j—n ™_ ,J-oo JO V 



1=0 m=-l 

and therefore, the radiative Green function reads 

oo + 1 



3 2 — uj 2 =F iO 



-D rad (x;:r') 



2a 2 



1 °° +' r+oo 
\/ TV , „ ■ J — cjo 



;=0 m=-i 



x / dppJ^ l (pr)J„ l (pr')8(p 2 - uj 2 ). 



Taking into account this formula into Eq. (11), we obtain the following expression for the total energy 



£ = 



2 oc +/ 
1=0 m=-l 



' — 1 ' 2 r + oo />oo 

E E pr(o>°) / ^m/ ^(p'-^mr^^f 



7 2 a 2 



where we have introduced the function SJ™ by the relation 



sr(to,p,v, P ) 



die 



iujt — i— arc tan 



^Jy l (PV / P 2 + v 2 t 2 ) 

( P 2 + vH 2 y/ i ' 



This function obeys the following symmetry relation 

Sr(-L>,p,V,p) = Sr m (u,p,V, P ). 

Using this we may represent the total energy as an integral 



£ = I dw—, 

du> 



where the spectral density is 



|="Six;i:h™(f.o)|V( W ,rf 



1=0 m=-l 



(16) 



(17) 



(18) 



(19) 



(20) 



(21) 



(22) 



(23) 



(24) 



The function SJ" (u> , ui , v , p) given by Eq. ( |2l| ) may be represented in a slightly different form, more suitable for 
analysis (here we assume u> > 0) as 



S7>,^p) = -2^smJ 
v 2 



m 1 

n ~z 

a I 



ST(w,«,p), 



where 



sr(u,v, P ) 



' dye -^y (Hzl 



I Vl (ujp^/y 2 - 1) 

(y 2 - 1)1/4 ■ 



(25) 



(26) 
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Therefore we can express the spectral density of radiation by 

oo + f 



d£_ 

du> 



v r y a 



1=0 



rn 
a 



(27) 



Integrating over the frequency w, using formula 6.612(3) from Ref. jl(|, we find that the total energy is 

o 2 oo +i 



v 3 "/ 2 a 2 p 



1=0 m = -l 



sm - 



m 1 

n o 



(28) 



/ y - 1 



1 \y + l 



dy> 



y'-i 



y' 2 - 1 \y' + 1 / 

Here Q„[x] is the Legendre function of second kind; the prime means the derivative with respect to its argument, and 

{y + y'fv- 2 



cosher 



y 2 -y' 2 + 2 



2 V ^23T V ^ _ T 



Now, let us analyze the above expressions in the Minkowski limit. In this case we have to put a = 1. Due to 
this, the argument of sine is f (? — rn). Next we have to take into account that YJ m (-|, 0) = 0, if (I + m) is odd. For 
this reason the argument of sine is ^ x (even number) which implies that the sine of this quantity is zero and as a 
consequence the total energy is zero, too, as it must be in Minkowski space-time. Differently from the cosmic string 
space-time there is no specific values of a for which total energy is identically zero. 

Let us simplify our formulas for the global monopole space-time assuming that solid angle deficit is small. In this 
case we can expand sine in the previous formulas in terms of a as 



1(1 + 1) 

i + h 



(29) 



Therefore up to (1 — a) 2 we may set a = 1 in the rest part. Firstly, let us analyze the total energy given by En . 
(p8|) . The sum over m can be made using the addition theorem for Legendre function of the first kind from Ref. lfll 
and results in 



vrg 2 (l - a) 2 



1 + 



/ -P-J -#-rW)E 
J i 2T - 1 J i y 2 - 1 fit 



4 



where 



cosh/? 



i=o L 

Pi [cosh I3]Q[ [cosh a], 



1 1 

i6 rr 



(30) 



Using now an integral representation for the Legendre function of the second kind as below 



[cosher] = 



V2 



-d+imt dt 



\J cosh t — cosh a ' 



and the relation 



jr e -(*+v2)t Pi[cosh/ 3 ] = _L 

z=o v 2 



^cosh t — cosh /3 ' 



we get, finally, the following expression for the total energy 

2 7n? 2 U7 : 



£ = -{I -a)' 



2p 



OO f OO 



dydy' 



i (y + y') 3 



■j^E(s,y,y'), 



(31) 



(32) 



(33) 



(34) 
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where 



E = 1 — 48s 2 z 1 - 192s 4 4 ~ 16s 2 z 2 / 



dx d 
fx dx 



+ 



r°° dx d 


\ M 


/o yfx dx 


. v^x J X 



dx 1 



1 



and we have introduced the following definitions 



6s 2 z 1 
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(x + 1)3/2 (j. + 1)5/2 2 (a; + l) 7 /2 



(35) 



yy 



(y + y 



r\2 



Zl = 



4„2 



R x = (x + I) 2 + As 2 zi{x + 1) + 4s 4 z. 

with the parameter s given by s = try. 

The formula obtained looks very awesome but it may be analyzed without great problem for non-relativistic and 
ultra-relativistic particles. The function E depends only on the combination s — vj — v/yl — v 2 . In the non- 
relativistic case the parameter s — > and in the ultra-relativistic case s — > oo, and therefore we have to analyze the 
function E in these two limits. 

In the non-relativistic case we may expand all integrands in Eq. (|3^) over small values of the parameter s and 
calculate the integrals. The main contribution, in this case, is proportional to the cube of the velocity 



2p 



(36) 



The ultra-relativistic case is more complicate due to the last term in Eq. (pq). There is no need, in fact, to calculate 
the contribution from it. It is enough to find an upper bound for it. Let us analyze the contribution from this term 
which is given by 



W 



-(1-a) 



2 7rg 2 ^ 7 2 f°° f°° dydy' 



dx d 
Jx dx 



Ra 



(y + y') 3 Jo 

First of all one represents the polynomial R in the following form 

Rx = (x + 1 + s 2 5\ ){x + 1 + s 2 S 2 _ ), 



dx 1 



1 



fRl> V^TT 



where &± = 1{z\ ± \/ z\ — z 2 ). Because S 2 . are positive we can write out the following inequalities 



dx' 



1 



V^ 7 Vx 7 
Using this upper bound we have 



< 



dx' 



< 



V^TT - Jo (x + 1) 3 / 



dx' 



< 2. 



(37) 



(38) 



(39) 



\W\ < (1- a) 



2 nq 2 v 7 2 rco ,oo 



dydy' ECV 1 -! 



b 1 



i (y + y'f 



ab 2 



<(!-«) 



2 ir 2 q 2 v 1 2 f°° f°° dydy' 1 



8 f > 



! (y + y'f ab 2 ' 



(40) 



where a — yj 1 + s 2 S 2 _, b = yj 1 + s 2 5 2 _ and we used the fact that the upper bound for elliptic integral of second kind 

E is 7r/2. Now we change the variables y — > sy, y' — + sy' and take the ultra-relativistic limit s —>■ oo. In the end we 
have the following estimation 



\W\ < (1-a) 



2 ^v 

32p ' 



(41) 



The contribution of others terms in Eq. (35) is of order larger than 7 3 . Calculating the other integrals in Eq. ( |35| ) 
one has that the total energy radiated in ultra-relativistic case is given by 



P M \ 2 ^ q2 3 
^ (1 ~ a) 



(42) 



G 



Let us consider the spectral density of energy given by Eq. (|27|) in the case of small solid angle deficit where 
|1 — a| <C 1- First of all we change the variable of integration in Eq. (|23| ) according to uj — > il : Q = uip/v and use 
the small solid angle deficit approximation for sine given by Eq. Thus, we obtain 



1 + 1/2 



(43) 



Now, let us analyze this spectral density in the non-relativistic limit, that is, u«l. To do this, we shift the variable 
of integration in Eq. (|26|): x — ► x + 1 and use the series expansion for Bessel function in integrand. Thus, we obtain 
a power series over the velocity. Indeed, 

It is easy to see that the lowest orbital momentum, will give the main contribution to the energy of radiation. The 
zero orbital momentum, I — 0, does not give contribution to the spectral density ( [43] ) because in this case m = 0. 
The main contribution comes from the term 1 = 1, (to — ±1). Taking into account only this orbital momentum we 
arrive at the formula 

f- = (1 - a) 2 ^e— /« (49 + (1 + 2^) 2 ) . (45) 
aw 54 V w / 

It is worth to note that the main contribution to energy comes from the following interval of frequency 

< w < JL, (46) 
2p 

which is due to the exponent in Eq. (Q). The maximum of energy is at zero frequency. Integrating Eq. ( f45| ) we 
recover the formula for total energy in the non-relativistic case (|36|). 

For the ultra-relativistic case, the expression for the spectral density is more complicate. We may estimate the 
interval of frequency from the analysis of the integrand for S l m : 



In this case v — > 1 and as a consequence all interval of integration in Eq. ([l7|) is important. Because the Bessel 
function tends exponentially to infinity for large argument, one has the following exponent in the integrand 



whose maximum contribution comes from the minimum of the function y — v^/y 2 — 1. The minimum of this function 
is at the point y* — J and the main contribution from the exponent due to this point is 

Taking into account this estimation we observe that in the ultra-relativistic case the domain of frequencies is 

< uj < — . (48) 
2p 

It is worthy noticing that the intervals of frequencies in both cases, non-relativistic and ultra- relativist, are exactly 
the same that corresponding to the cosmic string space-time. 



III. CONCLUSION 



We investigated the radiation emitted by a scalar particle moving along a geodesic line in the point-like global 
monopole space-time. This emission of radiation arises due to the geometric and to the topological features of this 
space-time. Considering the case of a scalar field minimally coupled with gravity and a specific situation in which the 
solid angle deficit is small we find that the total energy radiated by a particle along its trajectory is proportional to 
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the cube of the velocity and to the cube of the Lorenz parameter in the non-relativistic and ultra- relativistic cases, 
respectively 

The spectral density of radiation in the non-relativistic case has a maximum at zero frequency with upper bound 
v/2p and for the ultra-relativistic case, the upper bound is "f/2p. 

Let us now compare the energy of the radiation emitted by a uniformly moving charged scalar particle with the 
one due to the self- force. The self-energy, U s , of a charged scalar particle at the rest in a global point-like monopole 
space-time is given by 

U a = ^S(a), 

which was obtained dividing by two the corresponding result in Jl(i| ], due to the fact that in the present case we are 
considering a charged scalar particle. 

For small solid angle deficit, the function S(a) ~ §(1 — a) and therefore 

32r 

This potential has the same form as the Coulomb interaction (repulsion) between two particles with charges e\ = q 
and e2 = 7rg(l — a)/32. Because the potential is proportional to the small parameter (1 — a) we can consider, 
approximately, the particle as moving in the flat Minkowsky space-time and we may use standard results for energy 
radiation of the Coulomb scattering problem. 

For an ultra-relativistic particle (see §73 in Ref. we have the following expression for the total emitted energy 



2048 mV ' 



We would like to call attention to the fact that this energy depends on the mass of the particle and this is connected 
with the fact that the trajectory of particle is not a geodesic. 
Let us now compare results in ( |49| ) with (f42|), as follows 

gultra X X 

£ ultra ~ 192^' 

where p c — p/X c is the impact parameter p measured in Compton wavelengths of the scalar particle A c = q 2 /m. The 
classical electrodynamics which we are using is valid for distances much greater than the Compton wavelength, that 
is, for p c ^> 1. Therefore, due to this fact and because 7 ^> 1, we have that 

gultra gultra 

which means that the bremstrahlung of an ultra-relativistic particle prevails over the radiation due to the self- 
interaction. 

In the non-relativistic case (see §70 in Ref. [1171]) we have the following ratio 



ET n f(p) 



37r(l-a) 2 ' 



(50) 



where 



f(p) = p 2 [(tt - 2 arctanp)(l + 3p 2 ) - 6p] , 

1 — a 
V = — — ■ 

Vp c 

The function f(p ) tends to zero as irp 2 and to infinity as 8/15p. It has maximum at p « 1 with value /(l) « 0.3. 



The ratio (50) may be both greater and smaller then unit. Formal limits of small velocities v — > (p — » 00) 
or great value of impact parameters p c — » 00 (p — > 0) show that the ratio ( |50| ) tends to zero and in these regions 
the bremsstrahlung prevails over the radiation due to self-interaction. Nevertheless there are some ranges of the 
velocities and the impact parameter in which the radiation due to the self-interaction prevails over that coming from 
the bremsstrahlung. For (1 - a) « » 2 « 1, we have p <C 1 for arbitrary p c > 1 and thus 
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£ non 3v 4 p 2 " 

Therefore, this ratio is greater than unit if the impact parameter assumes values in the interval 

1<<PC<< ^ 

As a conclusion we can say that particles moving along geodesic lines in the space-time of a point-like global 
monopole will emit radiation in the same way as in case of an infinitely thin cosmic string space-time fll]j . As in the 
case of an infinitely thin cosmic string space-time, the energy emitted depends on the angle deficit and vanishes when 
this angle deficit vanishes, but in the present case, this radiation arises associated with the curvature and non-trivial 
topology of the space-time of the global monopole, differently from the cosmic string case in which the effect comes 
exclusively from the non-trivial topology of the space-time. 

We have focused our attention not on astrophysical implications of the obtained results but on the features of the 
global monopole on the radiation phenomena. Nevertheless, the application of these results may have significance 
from the astrophysical point of view because this radiation mechanism could give rise large energy releases under 
some conditions relevant in an astrophysical scenario. 

Finally, it is interesting to call attention to the fact that based on our results we can obtain the ones corresponding to 
an electrically charged particle if we just multiply these by two in order to take into account the different polarizations 
of photons. 
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